1. Introduction {#s0005}
===============

Adult bones can be classified into two distinct types based on their porosities: cortical and cancellous bones. The microstructures of these bones are altered by load-adaptive remodeling to satisfy mechanical demands. Consequently, osteons in dense cortical bone and trabeculae in porous cancellous bone are aligned along the direction of local loading ([@bb0095]; [@bb0135], [@bb0140]). Cellular mechanisms of cortical and cancellous bone remodeling are similar despite their remarkable difference in porosity; bone remodeling is performed by basic multicellular units that comprise bone-resorbing osteoclasts and bone-forming osteoblasts ([@bb0090]), and these effector cells activities are believed to be orchestrated by osteocytes buried in the mineralized bone matrix ([@bb0025]). Bone porosity can vary continuously from the cortical to the cancellous bone ([@bb0155]); this cortico-cancellous transitional zone is a site of vigorous remodeling, and intracortical remodeling that occurs on the surface of Haversian and Volkmann canals cavitates the inner cortex to promote its trabecularization, which is considered the main cause of bone loss because of aging ([@bb0020]; [@bb0150]). Therefore, to prevent and treat age-related cortical bone loss effectively, it is indispensable to gain an integrated understanding of the transformation from the cortical to the cancellous bone by remodeling.

Computer simulations using mathematical models of bone remodeling have contributed to investigations of changes in bone microstructure in response to mechanical loadings ([@bb0035]). Although they could reproduce the load-adaptive orientation of osteons in the cortical bone ([@bb0125]) and trabeculae in the cancellous bone ([@bb0015]; [@bb0040]; [@bb0050]) successfully, the transformation between the two types of bone has not been addressed and the understanding relating to its mechanism remains limited. Most previous mathematical models focused on the change in mineralized bone volume because it is responsible for the load-bearing function. However, bone marrow within nonmineralized space plays an important role in bone remodeling by providing a microenvironment to nurture mesenchymal and hematopoietic stem cells from which osteoblasts and osteoclasts are derived, respectively ([@bb0085]), and to transport oxygen, nutrients, hormones, and other signaling molecules from blood vessels to various cells ([@bb0100]). To understand the mechanism of cortical-to-cancellous bone transformation through computer simulations, which can be determined explicitly from an increase in the volume ratio of the bone marrow to the mineralized bone, it is necessary to consider the effects of bone marrow in the mathematical model for bone remodeling simulations.

We propose a novel theoretical concept to account for the transformation of dense cortical bone to porous cancellous bone for reproducing and predicting age-related cortical bone loss accompanied by the trabecularization of the cortex. We develop a mathematical model of cortical and cancellous bone remodeling based on the theoretical concept that bone porosity is determined by the balance between the load-bearing function of mineralized bone and the material-transporting function of bone marrow. Considering that the change in bone morphology due to bone formation and resorption can be described by the movement of the interface between the mineralized bone and bone marrow, we assume that bone formation is promoted by mechanical stress experienced by the mineralized bone, whereas bone resorption is caused by molecules supplied by blood vessels, which diffuse within bone marrow space. To show the potential abilities of the proposed remodeling model, we investigated the dependence of model parameters associated with mechanical stress and concentration of bone resorption molecules on the microstructures of cortical-like and cancellous-like bones through the replication of cortical-to-cancellous bone transformation.

2. Methods {#s0010}
==========

2.1. Mathematical model of bone remodeling {#s0015}
------------------------------------------

The difference in the porosities of the cortical and cancellous bones is considered to result from the difference in the local balance between bone formation and resorption. On the one hand, bone formation, *i.e.*, the increase in mineralized bone volume, is associated with the improvement of the load-bearing function of mineralized bone. On the other hand, bone resorption, *i.e.*, the increase in bone marrow volume, is associated with the improvement of the material-transport function of bone marrow. The equilibrium state of bone remodeling can be achieved when these two functions are balanced locally. Accordingly, we propose a mathematical model of bone remodeling based on the assumption that bone formation is induced by the mechanical factor in mineralized bone, and bone resorption is induced by the biochemical factor in the bone marrow, as shown in [Fig. 1](#f0005){ref-type="fig"}a.Fig. 1Mathematical model of bone remodeling based on the assumption that bone formation is induced by a mechanical factor in mineralized bone and bone resorption is induced by a biochemical factor in the bone marrow. a, Mechanical stimulus *S*~sf~ for bone formation and molecular concentration *ϕ* for bone resorption. b, Stages of bone remodeling defined by the mechanical stimulus *S*~sf~ and the molecular concentration *ϕ*.Fig. 1

Bone remodeling is considered to be regulated mechanically by osteocytes, which are regarded as major mechanosensory cells ([@bb0025]). Osteocytes produce sclerostin---a protein known to be a potent inhibitor of bone formation---the expression of which is reduced by mechanical loading ([@bb0105]; [@bb0115]). Although osteocytes are believed to be stimulated by interstitial fluid flow ([@bb0130]), for the sake of simplicity, we assume that osteocytes are susceptible to von Mises equivalent stress of the surrounding bone matrix *σ*~eq~ because it is a representative scalar variable that is positively correlated with flow velocity. Considering that the flow stimulus to the osteocytes is dominant in the neighborhood of the bone surface ([@bb0055], [@bb0060]), in our modeling, we introduced the mechanical stimulus *S*~sf~ that drives bone formation on the bone surface ***x***~sf~ as a weighted average of *σ*~eq~ on the bone surface ([@bb0070]):$$S_{sf}\left( \mathbf{x}_{sf} \right) = \frac{\int_{A}w\left( l \right)\sigma_{eq}\left( \mathbf{x} \right)\mathit{dA}}{\int_{A}w\left( l \right)\mathit{dA}}$$where *A* is the bone surface domain, and *w*(*l*) denotes a weight function that decays with distance *l* = ∣ ***x***~sf~ − ***x***∣ and takes a nonzero value only when *l* is smaller than the sensing distance *l*~L~.

Bone remodeling is also regulated by various signaling molecules that are transported throughout the bone marrow space. In contrast to mechanical stimulus as a bone formation factor, we considered a hypothetical molecule, provided by blood vessels, that works as a bone resorption factor. The parathyroid hormone (PTH) is one such candidate molecule because continuous exposure to PTH stimulates bone resorption ([@bb0110]). The concentration of the molecule, *ϕ*, in the bone marrow space varies according to the following diffusion equation:$$\frac{\partial\phi}{\partial t} = D\nabla^{2}\phi - \mathit{k\phi}$$where *D* is the diffusion coefficient and *k* is the degradation rate constant. The molecular concentration on the bone surface ***x***~sf~ was assumed to influence bone resorption. By introducing the dimensionless values$$\overline{\mathbf{x}} = \frac{\mathbf{x}}{L},\mspace{11mu}\overline{t} = \frac{\mathit{Dt}}{L^{2}},\mspace{11mu}\overline{\phi} = \frac{\phi}{\phi_{0}},\mspace{11mu}\overline{k} = \frac{L^{2}k}{D}$$

Eq. [(2)](#fo0010){ref-type="disp-formula"} can be rewritten in a dimensionless form as$$\frac{\partial\overline{\phi}}{\partial\overline{t}} = {\overline{\nabla}}^{2}\overline{\phi} - \overline{k}\overline{\phi}$$where *L* is the representative length, *ϕ*~0~ is the representative concentration, and ${\overline{\nabla}}^{2}$ denotes the Laplacian with respect to $\overline{\mathbf{x}}$.

Bone remodeling is a cyclical process of bone erosion and deposition, and their relative difference results in the local movement of bone surface. To represent the net changes in mineralized bone morphology caused by repetitive bone resorption and formation, the rate of bone surface movement in the normal outward direction $\overset{˙}{M}$, defined in the time scale much longer than that of remodeling cycle, was introduced. The value of $\overset{˙}{M}$ was set based on the stages of bone remodeling as$$\overset{˙}{M} = \left\{ \begin{matrix}
{\overset{˙}{M}}_{\max} \\
{- {\overset{˙}{M}}_{\max}} \\
0 \\
\end{matrix}\begin{matrix}
\text{when\ bone\ formation} \\
\text{when\ bone\ resorption} \\
\text{when\ quiescence} \\
\end{matrix} \right.$$where ${\overset{˙}{M}}_{\max}\left( {> 0} \right)$ is the maximum rate of bone surface movement; the stages of bone remodeling were assumed to be determined by the mechanical stimulus *S*~sf~ and molecular concentration *ϕ* on the bone surface, as shown in [Fig. 1](#f0005){ref-type="fig"}b. When the bone resorption molecules are sufficiently supplied from the blood vessels to the bone surface (*ϕ* ≥ *ϕ*~th~), both bone formation and resorption can occur; further, bone is formed when *S*~sf~ ≥ *S*~u~ and resorbed when *S*~sf~ \< *S*~u~. Conversely, in the case the molecular concentration is relatively low (*ϕ* \< *ϕ*~th~), only bone formation occurs when *S*~sf~ ≥ *S*~l~ and bone remodeling is under a quiescent state when *S*~sf~ \< *S*~l~. In the above modeling, *S*~u~ and *S*~l~ denote the upper and lower threshold values for the mechanical stimulus *S*~sf~, and *ϕ*~th~ denotes the threshold value for molecular concentration *ϕ*.

2.2. Voxel-based simulation {#s0020}
---------------------------

We combined the proposed remodeling model with a voxel-based simulation. Mechanical stress in mineralized bone tissue was numerically computed by a voxel finite element method (FEM) ([@bb0005]; [@bb0120]). A voxel FE model of a cancellous-like bone specimen as an initial simulation model was considered, as shown in [Fig. 2](#f0010){ref-type="fig"}. The region of analysis was set to *a*~1~ × *a*~2~ × *a*~3~ = 3.2 × 3.2 × 3.2 mm^3^ and discretized by cubic voxel finite elements, with an edge size of 40 μm. To construct an isotropic porous bone structure, many pieces of torus-like bone, with an outer diameter of 0.36 mm and inner diameter of 0.28 mm, were scattered randomly in the entire region; this produced a bone volume fraction (BV/TV) of 0.33. A domain outside the mineralized bone was regarded as the bone marrow space. Two rigid plates were placed on the top and bottom surfaces of the region to apply external loadings. The mineralized bone was assumed to be a homogeneous and isotropic elastic material, with Young\'s modulus *E* = 20 GPa and Poisson\'s ratio *ν* = 0.3.Fig. 2A voxel finite element model of a cancellous-like bone specimen subjected to uniaxial compressive loading. A single blood vessel was placed at the corner of the region of analysis, from which bone resorption molecules are secreted and diffuse in the marrow space surrounding the mineralized bone.Fig. 2

A single blood vessel along the *x*~3~-direction was set at the corner of the region of analysis, as shown in [Fig. 2](#f0010){ref-type="fig"}. In the blood vessel, the concentration of bone resorption molecules was assumed to have a constant value *ϕ*~0~. The diffusion equation (Eqs. [(2)](#fo0010){ref-type="disp-formula"}, [(4)](#fo0020){ref-type="disp-formula"}) governing the spatial and temporal behavior of the molecules in the bone marrow space was solved by an explicit finite difference method, where the same voxel mesh as the FEM was used. The parameters for the diffusion analysis were set as *D* = 5.0 μm^2^/s and *k* = 4.9 × 10^−6^ s^−1^, which satisfies $\overline{k}$ = 10 by setting *L* = 3.2 mm. The order of *D* was estimated by using the Stokes--Einstein equation, which yields the diffusion coefficient of spherical particles through a fluid with a low Reynolds number. The distribution of molecular concentration in a steady state was used to determine bone formation/resorption on the bone surface.

As mechanical boundary conditions, a uniform uniaxial compressive load *σ*~0~ = −1.0 MPa was applied on the upper surface of the top plate in the *x*~3~-direction, while keeping the out-of-plane displacement of the lower surface of the bottom plate constrained. The sensing distance *l*~L~ to derive the mechanical stimulus *S*~sf~ was set to *l*~L~ = 200 μm by referencing the distance of calcium propagation between bone cells ([@bb0010]). In the framework of voxel modeling, the changes in bone morphology can be expressed by the removal/addition of the voxel elements from/to the bone surface. Thus, we set ${\overset{˙}{M}}_{\max}$ = 40 μm/day ([@bb0045]) by considering the voxel size of the present FE model. To investigate the effects of three model parameters included in the proposed remodeling model, *i.e.*, *S*~u~, *S*~l~, and *ϕ*~th~, on the cortical-like and cancellous-like bone microstructures as a result of load-adaptive bone remodeling, we determined the baseline parameter setting as *S*~u~/*σ*~0~ = 4.0, *S*~l~/*σ*~0~ = 2.0, and *ϕ*~th~/*ϕ*~0~ = 1.0 × 10^−2^, and we varied one of these parameters while keeping the other two parameters fixed.

3. Results {#s0025}
==========

3.1. Reproduction of cortical and cancellous bone microstructures {#s0030}
-----------------------------------------------------------------

We simulated the bone remodeling of a cubic bone specimen under the baseline parameter setting of *S*~u~, *S*~l~, and *ϕ*~th~ for 100 days, which corresponds roughly to the time scale of human bone loss due to unloading, such as in space flight and bed rest ([@bb0075]). [Fig. 3](#f0015){ref-type="fig"} shows the adaptive change in the bone specimen subjected to uniaxial loading. The color contour indicates von Mises equivalent stress to define the mechanical stimulus *S*~sf~ for bone formation.Fig. 3Reproduction of cortical-like and cancellous-like bone microstructures according to the distance from the blood vessel. The change in two types of bone morphology and the distribution of von Mises equivalent stress for 100 days, under the baseline parameter setting of *S*~u~/*σ*~0~ = 4.0, *S*~l~/*σ*~0~ = 2.0, and *ϕ*~th~/*ϕ*~0~ = 1.0 × 10^−2^, are shown.Fig. 3

For the first 10 days, the mineralized bone was remarkably eroded, and the marrow space was enlarged in the neighborhood of the blood vessel because the concentration of bone resorption molecules was locally high. Meanwhile, bone deposition in the region far from the blood vessel proceeded because of excess loading, which increased local BV/TV. As a result of the 10-day remodeling, large equivalent stress was produced on the surface of the dense bone that faces the marrow cavity close to the blood vessel. During the period from 10 to 30 days, large equivalent stress promoted bone formation and elongated the edges of the dense bone towards the blood vessel. After 100 days, the elongated bone was isolated to form two single trabeculae that aligned along the loading direction. These remodeling processes produced two types of bone with different porosities in the region of analysis: one was a cancellous-like bone composed of multiple trabeculae in the marrow cavity near the blood vessel, and the other was a cortical-like bone surrounding the marrow cavity.

3.2. Effects of the upper and lower thresholds for the mechanical stimulus, *S*~u~ and *S*~l~ {#s0035}
---------------------------------------------------------------------------------------------

To show the fundamental characteristics of the proposed remodeling model, we investigated the effects of the upper and lower thresholds for the mechanical stimulus, *S*~u~ and *S*~l~, on the cortical-like and cancellous-like bone microstructures. [Fig. 4](#f0020){ref-type="fig"} shows the bone morphology and distribution of von Mises equivalent stress after 100-day remodeling, depending on *S*~u~, where *S*~u~/*σ*~0~ = 2.0 and 8.0 ([Fig. 4](#f0020){ref-type="fig"}a), and *S*~l~, where *S*~l~/*σ*~0~ = 0.0 and 4.0 ([Fig. 4](#f0020){ref-type="fig"}b).Fig. 4Bone morphology and the distribution of von Mises equivalent stress after 100-day remodeling. a, Effects of the upper threshold for the mechanical stimulus, *S*~u~. b, Effects of the lower threshold for the mechanical stimulus, *S*~l~.Fig. 4

As shown in [Fig. 4](#f0020){ref-type="fig"}a, the upper threshold for the mechanical stimulus, *S*~u~, is involved in balancing the bone formation and resorption in the neighborhood of the blood vessel. An increase in *S*~u~ promoted bone resorption and reduced local BV/TV near the blood vessel, which resulted in a decrease in the cancellous-like bone volume in the marrow cavity. Furthermore, the loss of bone volume in the marrow cavity enlarged the equivalent stress in the mineralized bone region far from the blood vessel and increased local BV/TV of the cortical-like bone. The lower threshold for the mechanical stimulus, *S*~l~, regulates bone formation in the region far from the blood vessel, as shown in [Fig. 4](#f0020){ref-type="fig"}b. In the cortical-like bone region far from the blood vessel, an increase in *S*~l~ inhibited bone formation and kept local BV/TV low. However, the increase in *S*~l~ had little influence on the cancellous-like bone microstructure close to the blood vessel.

Thus, under a given loading condition, the model parameters *S*~u~ and *S*~l~ are key regulators of the porosity of cancellous-like and cortical-like bone microstructures, respectively. The gap between *S*~u~ and *S*~l~ plays an important role in determining the difference between the two types of bone porosities.

3.3. Reproduction of cortical-to-cancellous bone transformation: Effects of the threshold for the molecular concentration, *ϕ*~th~ {#s0040}
----------------------------------------------------------------------------------------------------------------------------------

We investigated the effects of the threshold for the molecular concentration, *ϕ*~th~, by setting *ϕ*~th~/*ϕ*~0~ = 1.0, 1.0 × 10^−1^, 1.0 × 10^−2^ (baseline), 1.0 × 10^−3^, and 1.0 × 10^−4^. [Fig. 5](#f0025){ref-type="fig"}a shows the bone morphology after 100-day remodeling with the distribution of von Mises equivalent stress; [Fig. 5](#f0025){ref-type="fig"}b shows the corresponding mean BV/TV in the region at constant distance *d* away from the blood vessel. The mean BV/TV was quantified in the region defined by *d* ± 0.2 mm.Fig. 5Reproduction of the transformation from cortical to cancellous bone depending on the threshold for molecular concentration, *ϕ*~th~. a, Bone morphology and the distribution of von Mises equivalent stress after 100-day remodeling. b, Distribution of mean bone volume fraction (BV/TV) defined in the region at a constant distance away from the blood vessel.Fig. 5

In the case of *ϕ*~th~/*ϕ*~0~ = 1.0, bone resorption was completely inhibited because the concentration of bone resorption molecules *ϕ* on the entire bone surface was less than its threshold value *ϕ*~th~. Thus, the BV/TV of the bone specimen was increased globally owing to bone formation, which produced a dense bone specimen similar to that of a cortical bone. The decrease in the threshold value *ϕ*~th~ generated a marrow cavity around the blood vessel (*ϕ*~th~/*ϕ*~0~ = 1.0 × 10^−1^). With a further decrease in *ϕ*~th~, trabeculae were formed in parallel with the loading direction in the enlarged cavity space (*ϕ*~th~/*ϕ*~0~ = 1.0 × 10^−2^ and 1.0 × 10^−3^). Finally, when *ϕ*~th~/*ϕ*~0~ = 1.0 × 10^−4^, 100-day remodeling produced a porous cancellous-like bone that comprises multiple trabeculae, the structure of which is adapted functionally to the imposed mechanical loading. Thus, the transformation from the dense cortical bone with large BV/TV to the porous cancellous bone with small BV/TV was reproduced successfully.

Collectively, the ratio of the threshold for the molecular concentration *ϕ*~th~ to the concentration of bone resorption molecules in the blood vessel *ϕ*~0~ is the determinant of the volume ratio between the cortical-like bone and cancellous-like bone. The transformation from cortical to the cancellous bone can be induced by a decrease in *ϕ*~th~ when *ϕ*~0~ is constant, and further, by an increase in *ϕ*~0~ when *ϕ*~th~ is constant.

4. Discussion {#s0045}
=============

We propose a novel theoretical concept to account for the transformation of dense cortical bone to porous cancellous bone. Based on the concept that bone porosity is determined by the balance between the load-bearing function of mineralized bone and material-transport function of bone marrow, we developed a mathematical model of cortical and cancellous bone remodeling. The remodeling simulations using this mathematical model enable the reproduction of microstructures of cortical and cancellous bones simultaneously, whereas previous remodeling simulations addressed their remodeling processes separately. Furthermore, the present remodeling simulations have the potential to replicate cortical-to-cancellous bone transformation depending on the change in the local balance between bone formation and resorption.

The validity of the proposed remodeling model was verified qualitatively through comparison of bone microstructures obtained by simulations with those observed in human bone specimens at different ages. As shown in [Fig. 5](#f0025){ref-type="fig"}, when the ratio of *ϕ*~th~ to the molecular concentration in the blood vessel *ϕ*~0~ is relatively high, a small canal, which can be considered as a Haversian canal, was formed around the blood vessel. As the ratio *ϕ*~th~/*ϕ*~0~ decreases, the small canal was enlarged, and multiple trabeculae replaced the cortical-like bone. This process is analogous remarkably to the process of age-related cortical bone loss characterized by increase in intracortical porosity and trabecularization of the inner cortex ([@bb0020]; [@bb0145]; [@bb0150]). For more rigorous model validation, it would be considerably important to compare quantitatively the bone morphometric data obtained by the remodeling simulations with those obtained by corresponding *in vivo* experiments.

The proposed remodeling model includes only three parameters: the upper and lower thresholds for the mechanical stimulus, *S*~u~ and *S*~l~, and the threshold for the molecular concentration, *ϕ*~th~. *S*~u~ and *S*~l~ play roles in regulating the porosity of cancellous-like and cortical-like bone, respectively, and *ϕ*~th~ is an essential parameter governing the volume ratio between the two types of bone, and thus, in the cortical-to-cancellous bone transformation. The model parameter *ϕ*~th~ can be interpreted as the parameter associated with the sensitivity of effector cells on the bone surface to the bone resorption molecules; the decrease in *ϕ*~th~ corresponds to the enhancement of sensitivity. Therefore, the simulation results obtained in this study imply that *in vivo* cortical bone loss due to the trabecularization of the cortex can be induced by an increase in the sensitivity of bone surface cells to the bone resorption molecules, *i.e.*, the decrease in *ϕ*~th~, and/or increase in the supply of the bone resorption molecules from blood vessels, *i.e.*, an increase in *ϕ*~0~.

Bone remodeling is regulated inherently by a complex signaling cascade that influences many types of cells in mineralized bone and bone marrow ([@bb0030]; [@bb0080]), where mechanical and biochemical events are coupled tightly. For reducing such complex cellular and molecular mechanisms of bone remodeling, we assumed that functional balance between mineralized bone and bone marrow determines bone porosity, from a phenomenological viewpoint. Thus, in the proposed modeling, we considered only two determinants---mechanical stimulus as a bone formation factor and hypothetical molecule as a bone resorption factor---to reproduce cortical-to-cancellous bone transformation. Although our phenomenological remodeling model lacks solid biological background, it is valuable for capturing the nature of complex mechano-biochemical coupling phenomena. To clarify the cellular and molecular basis of the cortical-to-cancellous bone transformation, it is necessary to incorporate specific molecular/cellular dynamics and their interrelationship into the mathematical model ([@bb0065]). Despite such limitations, in the future, we anticipate that the proposed mathematical model of cortical and cancellous bone remodeling will contribute to highlight the essential features of the cortical bone loss due to the trabecularization of the cortex and predict its spatial and temporal behavior during aging.
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